Diffusors are widely used optical components having numerous applications. They are commonly used to homogenize light beams and to create particular intensity distributions. The angular scattering profile of bulk scattering diffusing materials is determined by three bulk scattering parameters that are, however, not commonly available. This hampers an accurate implementation of bulk diffusors in ray tracing simulations. In this paper, the bulk scattering parameters of a concentration series of milk diluted with water were determined with the inverse adding-doubling method. Using these values as input, the macroscopic angular scattering profile was simulated using ray tracing software. The simulation results were compared to experimental data, and a good agreement between measured and simulated data was found. The method was also proven to be successful when applied to commercial diffusors.
Introduction
Diffusing materials are used in a lot of applications, such as luminaire design and display technology [1] [2] [3] . These materials redistribute the light through surface scattering, volume scattering, or a combination of both. Surface scattering occurs at the front or back surface of the material and is caused by geometrical irregularities. Volume or bulk scattering, on the other hand, occurs inside the material, and is due to the presence of scattering particles in a host material. In order to perform accurate optical simulations, diffusing materials need to be adequately modeled.
Surface scattering is described using the bidirectional scatter distribution function (BSDF), which can be subdivided into the bidirectional reflectance distribution function (BRDF) and the bidirectional transmittance distribution function (BTDF), respectively, [4, 5] . These functions are defined as the ratio of the surface radiance of the sample in a given viewing direction to the irradiance from a particular incident direction. Both the incident and viewing angles are defined by the spherical coordinates toward the sample normal, (θ i , φ i ) and (θ s , φ s ), respectively. The BRDF and BTDF values can be determined for each wavelength λ.
Bulk scattering is modeled by the use of three bulk scattering parameters: the absorption coefficient μ a , the scattering coefficient μ s , and the phase function pθ. The absorption and scattering coefficients define the probability of a photon being absorbed and scattered after travelling a unit path length through the material, and are usually expressed in mm −1 . The phase function determines the probability of a photon being scattered in a given direction after a single scatter event [6] .
For ray tracing simulations of, e.g., luminaires or displays, the bulk diffusor is an essential optical component, since it redirects the light both angularly and spatially. In order to model the component accurately, the bulk scattering parameters should be used as input in the ray tracing software. However, for commercial diffusors, the values are usually not available.
The determination of the bulk scattering parameters of materials has been the subject of investigation in numerous application fields. Among others, these include the medical field (to study tissue) [7] [8] [9] , astronomy (to model light propagation through the galaxy or the atmosphere) [10] , and the biological field (e.g., to examine food samples) [11] . Two categories of methods are commonly used: the forward method and the inverse method. In the forward method, basic physical properties (such as the refractive index of both the host material and the particle, the particle size, the size distribution function, etc.) are used to infer the bulk scattering parameters. A commonly employed forward method is the Lorenz-Mie theory, which can be used for spherical particles [6] . In the inverse method, measured macroscopic quantities, such as the reflectance, transmittance, and spatial reflectance profile of the given sample are taken as input to determine its bulk scattering parameters. The inverse method has the advantage that the basic physical properties of the scattering particles and host material need not be known. Examples of inverse methods are inverse adding-doubling (IAD) [12] , inverse Monte Carlo (IMC) [13] , and the use of the diffusion approximation [14] .
In this paper, the IAD method was selected for the determination of the bulk scattering parameters of two types of material. The IAD method is based on the adding-doubling (AD) method, which was first described by Stokes in 1860 [15] . Stokes developed the AD method to calculate the reflectance and the transmittance through a pile of plates. In the IAD method, the bulk scattering parameters are determined via an iterative procedure, starting from the reflectance, transmittance, and regular transmittance. The reflectance and transmittance are the sums of the diffuse and regular reflectance and transmittance. The IAD method has the advantage that it is fast and that the energy balance of the diffusing material will be correct, since the method seeks after scattering parameters which match the measured reflectance and transmittance. Moreover, the method does not require information on the basic physical properties (such as shape, size distribution, and refractive index) of the scattering particles, which is usually not available for commercial diffusing materials used in lighting and display technology.
The aim of this paper is to investigate the use of the IAD method to determine bulk scattering parameters and to examine if these parameters perform well when used as input for optical simulations of the angular scattering of bulk diffusors.
The method has been applied for two types of diffusing materials: a concentration series of milk diluted with water and two commercial plastic diffusors. The experimental angular scattering profile of the samples is compared to the predictions from ray tracing simulations.
Determination of Bulk Scattering Parameters

A. Adding-Doubling
The AD method has been extensively described in literature by numerous authors [15] [16] [17] . The method can be used to obtain the reflectance and transmittance of a slab of material with thickness d with known bulk scattering parameters. The procedure requires three steps.
First, the angular reflection and transmission characteristics of a "single scatter layer" are determined. The single scatter layer is a thin layer with identical scattering properties to the sample in question, and a thickness such that a photon will be scattered only once while travelling through the layer. 
Herein s is the direction vector of the incident direction, s 0 the direction vector of the scattered direction, and r the position vector. Lr; s is the (spectral) radiance or luminance at position r and in direction s, and Ω 0 is the solid angle in which the (spectral) radiance or luminance is considered. ps; s 0 is the phase function, which gives the probability that a photon with incident direction s will be scattered into direction s 0 [16] . Second, the thickness of the layer is doubled, and the reflection and transmission characteristics of the double layer are calculated by combining the reflection and transmission characteristics of the single scatter layers [15] [16] [17] . The thickness of this new layer is then again doubled, and the new reflection and transmission characteristics are again calculated, until the thickness of the sample in question has been reached.
The third and last step is to take the Fresnel reflection at the interfaces into account by adding an additional boundary layer [12] .
In this way, the reflectance R and transmittance T of a material with known volume scattering properties can be calculated. Finally, the regular transmittance (T reg ) of a sample with thickness d can be calculated from Eq. (2):
T reg is defined as the fraction of the incident flux transmitted through the sample without scattering. In Eq. (2), τ represents the optical thickness, defined as τ μ a μ s :d, and r is the Fresnel power reflection coefficient for unpolarized light. Note that light travelling in the direction of the regular transmission (regular direction) consists of the actual regular transmittance described by T reg and a contribution of scattered light in the regular direction.
B. Inverse Adding-Doubling
An iterative procedure is adopted in the IAD method. First, a guess is made for the bulk scattering parameters μ a , μ s , and pθ. Next, the reflectance, transmittance, and regular transmittance are calculated with the AD method. If there is no match between the calculated and the measured quantities, the initial bulk scattering parameters are adjusted until a match is obtained [12] .
Theoretically, any phase function pθ can be used in the AD method. However, too many free parameters would decelerate the convergence of the IAD method. To avoid this problem, a fixed phase function is commonly used-the Henyey-Greenstein phase function p HG θ, given by Eq. (3) [18] :
The only variable in the phase function is the anisotropy factor g, which is the average cosine of the scattering angle θ, and which can take values from −1 to 1. If g equals 0, scattering occurs isotropically; if g is higher or lower than 0, scattering occurs preferentially in the forward or backward direction, respectively.
Since this phase function allows only one parameter to vary, the number of free parameters for the IAD procedure is limited to three: μ a , μ s , and g.
If it is not possible to measure the regular transmittance, either due to equipment limitations or because it is too small to be measured accurately, there are only two input parameters, and only two output parameters can be found. Indeed, if the scattering is strong and dominant over the absorption, the radiative transfer can be classified to be in the diffusion regime. In this case, the reduced scattering coefficient μ 0 s is the more relevant parameter [19] . The reduced scattering coefficient can be obtained by combining μ s and g according to the similarity relation, given by Eq. (4) [19] :
Any combination of μ s and g satisfying Eq. (4) will result in an identical reflectance and transmittance, as long as the regular transmittance is significantly small (typically <0.005).
Experiments
In order to investigate the usefulness of the IAD method to determine bulk scattering parameters, two types of diffusing materials were investigated: a series of diluted milk in a glass cuvette and two commercial plastic diffusors. The commercial plastic diffusors were purchased from Evonik, materials WH02 and WN297. The milk series consisted of ultrahigh-temperature processed semi-skimmed cow milk, diluted with water. Three concentrations were chosen (10, 15, and 20 vol. %), high enough to minimize light propagation to the edge of the cuvette and low enough to obtain a significant regular transmittance. The glass cuvette itself exhibited negligible absorption and scattering, and the Fresnel reflections from the air-glass and the glass-milk interfaces were taken into account in the IAD calculations by adding extra boundary layers [11, 12] .
Performing correct reflectance and transmittance measurements of translucent samples by use of standard spectrophotometers is not evident, due to the spatial redistribution of the light. The results can be strongly dependent on the illumination and detection geometry.
A schematic representation of the setup used in this study is given in Fig. 1 [5] . The setup provides information about the angular distribution of the scattered light, which can be compared with ray tracing simulations. The setup consists of two major parts: the illumination part and the detection part. The illumination part comprises a Xe light source and imaging optics, which create a parallel beam of light incident on the sample. A set of neutraldensity (ND) filters is introduced into the light beam to increase the system's dynamic range. The detection part consists of a detector head, which is connected to a spectrometer with a CCD detector via an optical fiber. The detector has a sufficiently large field of view in order to be sure that all the scattered light will be captured. The entire unit is mounted on a detector bench, which can be rotated into any position around a sample holder by the use of two automated stepper motors. As such, the setup allows for the measurement of the scattered intensities in both reflection and transmission mode. A more elaborate description of the setup can be found in [5] .
All measurements were performed under normal incident light to the sample. The scattered radiant intensities were measured in one plane in increments of 10 degrees. Since the scattering particles of both materials used in the study have no preferential orientation, scattering is assumed to be symmetric with respect to the azimuth angle. This assumption is also a prerequisite for the application of the IAD procedure. The reflectance R and transmittance T can be calculated from the scattered spectral radiant intensities I s θ according to Eqs. (5) and (6):
Herein Φ i stands for the incident spectral radiant flux, which can be measured by removing the sample from the sample holder and measuring the entire incident beam. This is very easy because the beam diameter is smaller than the detector aperture. R reg represents the regular reflectance.
The regular transmittance T reg , which is defined as the fraction of the total incident light transmitted through the material without being scattered, can be measured by performing a measurement at θ s 0°. However, as the detector solid angle Ω rec is not infinitesimally small, this measurement also includes a fraction of light scattered in the regular direction. In some cases, this contribution can be negligibly small in comparison with the actual regular transmittance. However, if the regular transmittance is low, this effect should be accounted for. The fraction of scattered light in the regular direction can be estimated by extrapolating the values of I s close to the normal viewing angle. For a perfect Lambertian reflecting or transmitting diffuser, the spectral radiant intensity divided by the cosine of the viewing angle should remain constant across the viewing angle θ s . Since the diffusing materials under testing exhibit a Lambertian or near-Lambertian angular scattering profile, the extrapolation has been based on the spectral radiant intensities divided by the cosine of the scatter angle, given by Eq. (7):
The angles θ 1 and θ 2 are the smallest scatter directions next to the regular direction (in this case
In Eq. (8), Φ s 0° is the spectral radiant flux measured with the detector head in the regular direction, Φ i is the incident flux on the sample, and Ω rec is the solid angle from the sample to the detector aperture. I s 0° is calculated with Eq. (7). The regular reflectance R reg can be calculated in a similar way. The measurement for I s 180° was taken at scatter angle 176°, with the incident angle at 2°, since an actual measurement at 180°with incident angle 0°is not possible.
The results of the measurements performed on both types of diffusing materials are presented in Table 1 . All data were obtained at three wavelengths: 480 nm (blue), 550 nm (green), and 630 nm (red). The thickness of the samples is given in parentheses. For the diluted milk series, the thickness refers to the internal thickness of the cuvettes. The regular transmittance is corrected using Eqs. (7) and (8) . For the commercial diffusors, the regular transmittance could not be accurately determined (smaller than 1% of the scattered flux in the forward direction), and it is therefore not included in the measurement results. The data in Table 1 show that for all samples the reflectance is slightly larger at short wavelengths, while the transmittance increases with longer wavelengths. This indicates that the scattering is stronger at shorter wavelengths. The effect is more prominently present for the diluted milk series compared to the commercial diffusors.
From the measurement results in Table 1 , the optical scattering parameters can now be determined. Since the regular transmittance was measured to be negligible for the two commercial diffusors, only two scattering parameters are calculated (μ 0 s and μ a ). For the milk series, on the contrary, all three scattering parameters (μ a , μ s , and g) are determined.
In Table 2 , the final bulk scattering parameters are presented, together with the values for the reflectance, transmittance, and the regular transmittance as obtained with the IAD procedure. The relative deviation from the experimental values is indicated between brackets. For all results, the deviation is smaller than 5%.
For the diluted milk series, the values represented in Table 2 show an expected course, the scattering coefficient μ s of all three concentrations is very similar for both cuvette thicknesses at all wavelengths. This can be expected, since the scattering coefficient is independent of the thickness of the sample. The scattering coefficient decreases with increasing wavelength, which can be expected from small scattering fat molecules. For the absorption coefficient μ a , the agreement between the parameters determined for the different thicknesses is less pronounced. This is due to the fact that the absorption coefficient is several magnitudes smaller than the scattering coefficient, which limits the accuracy that can be reached. The wavelength dependency of the absorption coefficient is negligible. The anisotropy factor g is very similar for all six samples and decreases with increasing wavelength. The scattering occurs preferentially in the forward direction for all wavelengths (g > 0).
For the commercial diffusors, the highest reduced scattering coefficient is obtained for the strongest diffusing sample. Both diffusors exhibit very low absorption. The diffusors also show a decreasing reduced scattering coefficient at longer wavelengths, but the effect is less pronounced than with the diluted milk series.
Verification of Angular Scattering
The values of the bulk scattering parameters as determined in the previous section were introduced in ray tracing software to simulate the angular scattering pattern of the bulk diffusor. The commercial ray tracing software TracePro was used. The software uses traditional Monte Carlo ray tracing code. Bulk scattering is modeled with three bulk scattering parameters: the absorption coefficient, the scattering coefficient, and the phase function. The ray tracer allows the use of the Henyey-Greenstein, the Gegenbauer, or a user defined phase function.
The software allows the creation of polar intensity distribution maps, which can be compared to the measured data. In the ray tracing software, the default solid angle Ω sim used to calculate the scattered intensities is 0.004873 sr. All simulations were performed at 480 nm (blue), 550 nm (green), and 630 nm (red). The Henyey-Greenstein phase function was used for all samples. For the diluted milk series, the scattered intensity distribution at normal incidence obtained from the simulation and from the measured data is presented in Figs. 2 and 3 for the series with the 1.1 and 2 mm cuvettes, respectively, at 550 nm. The scattered intensities in the regular direction are omitted because they are masked by the regular transmission and the regular reflection. From Figs. 2 and 3 , a good agreement between the scattered intensity patterns from experiments and simulations can be observed. Similar results were obtained at 480 and 630 nm.
To quantify the agreement between simulated and measured angular scattering, the normalized cross correlation (NCC) for the scattered intensity pattern was calculated from Eq. (9) [20, 21] :
In Eq. 9, I m θ and I s θ are the measured and simulated scattered intensities for each scatter angle θ, respectively.Ī m andĪ s are the average values for the measured and simulated intensities, respectively.
The minimum NCC value for all samples is 0.9970. The average value for all patterns is 0.9987. For most applications, a NCC value of at least 0.99 and a maximum relative deviation of 5% are the target values in order to quantify the correspondence as very good [21] . Since both conditions are fulfilled for our data (see also Table 2 ), it can be concluded that the determination of bulk scattering parameters using IAD indeed allows for an accurate simulation of the macroscopic angular behavior of the diluted milk series. For both commercial diffusors, only two scattering parameters, μ a and μ 0 s , could be determined. However, the three parameters μ a , μ s , and g are required to perform the ray tracing simulation. As discussed in the introduction section, parameters μ s and g can be inferred from μ 0 s by the use of Eq. (4). In principle, an infinite number of combinations is possible. The only restriction on the choice of parameters μ s and g is that the regular transmittance T reg must remain negligible.
For both diffusors, the three combinations of μ s and g used in the simulations are given in Table 3 .
In Fig. 4 , the simulation results (θ i 0°) at 550 nm for the two commercial diffusors are represented for three different combinations of μ s and g, using solid, dashed, and dotted lines. It is almost impossible to distinguish the differences between the angular scattering profiles of the three combinations of μ s and g. The NCC values for all combinations of μ s and g for both samples and all wavelengths are all larger than 0.9980, the average NCC value for all simulations being 0.9995. The relative deviation for the reflectance and transmittance between measurements and simulations is lower than 1% (see Table 2 ). The results obtained for the commercial diffusors are thus well suited for simulation of the angular scattering pattern.
Conclusion
In this paper, it has been verified that the bulk scattering parameters for bulk diffusing materials obtained with the IAD method can sufficiently predict the angular scattering pattern for two kinds of samples, without knowledge of the basic physical properties of the scattering particles (such as size distribution, shape, or refractive index). The parameters were determined at three wavelengths: 480 nm (blue), 550 nm (green), and 630 nm (red).
The first group of samples consists of a series of milk diluted with water, showing a significant regular transmittance. For this group of samples, all three bulk scattering parameters were determined. A good agreement between measured and simulated scattered intensity patterns was found for all samples and all wavelengths. In the future, a more elaborate study will be initiated to investigate the relationship between the bulk scattering parameters and the concentration.
The commercial samples in the second group are strongly diffusing, have a near-Lambertian scattering distribution pattern, and show no significant regular transmittance. As a consequence, only two scattering parameters (μ 0 s and μ a ) could be determined. It was shown that any combination of μ s and g can be used, as long as the value of μ 0 s is maintained and the regular transmittance remains negligible. All simulations resulted in the same scattered intensity distribution. It is, however, beneficial to choose μ s to be as low as possible (but still high enough to have a negligible regular transmittance) to reduce computation time, since fewer scattering events imply faster ray tracing simulations.
For all simulations, a fixed Henyey-Greenstein phase function with one variable was used, instead of, e.g., the more accurate Mie phase function. From our results, it seems that this phase function can accurately describe the scattered intensity pattern for strong diffusing samples with a near-Lambertian scattering pattern, as well as samples showing only moderate scattering and appreciable regular transmission. It is known that for small diffusing particles, such as fat molecules present in milk, the Mie phase function is rather smooth. In these cases, it seems acceptable that the smooth HenyeyGreenstein phase function is able to describe the scattering process rather accurately. More research needs to be done if larger scattering particles are being used, where patterned Mie phase functions can be expected. Probably, the use of more sophisticated phase functions will then be necessary.
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